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Abstract: Many computational techniques for extracting insights from data depend on embedding data within a Euclidean space. 
However, symbolic datasets, particularly biological sequence datasets resulting from high-throughput sequencing processes, often pose 
challenges for conventional embedding methods, as they tend to yield either excessively high-dimensional or overly simplified 
representations, thereby limiting their analytical applicability. To address these constraints, the concept of metric dimension (MD) in 
graph theory provides a rigorous and practical framework for representing points in the Euclidean plane based on their relative distances. 
In this study, we explore a hybrid concept that combines two distance parameters: MD and edge metric dimension (EMD). The mixed 
metric dimension (MMD) uniquely characterizes a graph’s elements (edges and vertices) based on their distance vectors to a designated 
set of vertices. We developed a computational intelligence approach to determine the mixed metric dimension of graphs: the Binary Gray 
Wolf Optimizer (BGWO) algorithm. We integrate a distance-based matrix representation with population-based optimization methods. 
To improve solution performance, several modifications have been incorporated, including the validation of row uniqueness, the 
implementation of dynamic stagnation handling techniques, and the adoption of an elitism strategy. Our findings indicate that the BGWO 
achieves efficient completion times and delivers competitive performance for this problem. 
 
Keywords: Binary gray wolf optimizer algorithm, edge metric dimension (EMD), mixed metric dimension (MMD) 

1. Introduction   

Unless otherwise stated, all graphs in this study are connected 
and simple. The distance between two vertices 𝑢𝑢 and 𝑣𝑣 in a graph 
𝐺𝐺 is represented as 𝑑𝑑𝐺𝐺(𝑢𝑢, 𝑣𝑣). A vertex 𝑠𝑠 ∈ 𝑉𝑉(𝐺𝐺) is said to 
differentiate (or resolve) two vertices 𝑢𝑢 and 𝑣𝑣 if  𝑑𝑑𝐺𝐺(𝑢𝑢, 𝑠𝑠) ≠
𝑑𝑑𝐺𝐺(𝑣𝑣, 𝑠𝑠). A subset  𝑆𝑆 ⊆ 𝑉𝑉(𝐺𝐺), is referred to as a metric generator 
for 𝐺𝐺 if each pair of vertices 𝑢𝑢 and 𝑣𝑣 in 𝐺𝐺 is differentiated by at 
least one vertex in 𝑆𝑆. The smallest cardinality of such a subset is 
called the MD of 𝐺𝐺, denoted by dim(𝐺𝐺). The concept originated 
independently through the contributions of Harrary and Melter 
(1976) and Slater (1975), who referred to it as resolving sets and 
locating sets, respectively. 

The MD of graphs has a wide range of applications, including 
mathematical biology (Tillquist & Lladser, 2019). Collections of 
symbolic representations, especially sequences of biological 
macromolecules generated by advanced genomic sequencing 
technologies, often present challenges for conventional 
embedding methods. These techniques often result in excessively 
high-dimensional or overly simplistic representations, thereby 
reducing their usefulness for analytical purposes. To overcome 
these challenges, the graph-theoretical notion of the MD provides 
a rigorous and efficient framework for representing data points 
within the Euclidean plane. Furthermore, the concept of metric 

dimension is also used in various applications beyond data 
representation, including network topology analysis (Beerliova et 
al., 2006), sensor placement optimization (Chartrand et al., 2000), 
structural graph characterization and pharmaceutical chemistry 
(Imran et al., 2022), methods for processing patterns and images 
(Melter & Tomescu, 1984), autonomous robot movement (Khuller 
et al., 1996), and combinatorial optimization (Seb & Tannier, 
2016). 

1.1. Edge metric dimension 

The metric dimension concept has recently evolved from 
focusing on vertex identification to edge identification in a graph 
(Kelenc, Tratnik, & Yero, 2018). For a graph 𝐻𝐻 = (𝑉𝑉,𝐸𝐸), a vertex 
𝑣𝑣 ∈ 𝑉𝑉 and an edge 𝑒𝑒 = 𝑢𝑢𝑢𝑢 ∈ 𝐸𝐸, the distance between the vertex 
𝑣𝑣 and the edge 𝑒𝑒 is defined as 𝑑𝑑𝐺𝐺(𝑒𝑒,𝑣𝑣) =
min{𝑑𝑑𝐺𝐺(𝑢𝑢,𝑣𝑣),𝑑𝑑𝐺𝐺(𝑤𝑤,𝑣𝑣)}.  A vertex 𝑥𝑥 ∈ 𝑉𝑉 distinguishes two edges 
𝑒𝑒1, 𝑒𝑒2 ∈ 𝐸𝐸 if 𝑑𝑑𝐺𝐺(𝑥𝑥, 𝑒𝑒1) ≠ 𝑑𝑑𝐺𝐺(𝑥𝑥, 𝑒𝑒2). A set 𝑆𝑆 of vertices is an edge 
metric generator if every pair of distinct edges in 𝐺𝐺 is 
differentiated through at least one vertex in 𝑆𝑆. The minimum 
cardinality of an edge metric generator in 𝐺𝐺 is known as the edge 
metric dimension, denoted by 𝑑𝑑𝑑𝑑𝑑𝑑𝑒𝑒(𝐺𝐺). An edge metric basis of 
𝐺𝐺 is an edge metric generator with a cardinality of exactly 
𝑑𝑑𝑑𝑑𝑑𝑑𝑒𝑒(𝐺𝐺). For instance, consider a graph 𝐺𝐺, as illustrated in Figure 
1. 𝐷𝐷𝐷𝐷𝐷𝐷(𝐻𝐻) = 2 with the resolving set 𝑆𝑆1 = {𝑎𝑎1,𝑎𝑎2}. The 
representations of all vertices: 𝑟𝑟(𝑎𝑎1|𝑆𝑆1) = (0,1), 𝑟𝑟(𝑎𝑎2|𝑆𝑆1) =
(1,0), 𝑟𝑟(𝑎𝑎3|𝑆𝑆1) = (2,1), 𝑟𝑟(𝑎𝑎4|𝑆𝑆1) = (2,2), 𝑟𝑟(𝑎𝑎5|𝑆𝑆1) = (1,2) are 
all different. 𝐷𝐷𝐷𝐷𝐷𝐷𝑒𝑒(𝐻𝐻) = 3 with the edge metric generator of 𝐺𝐺 is 
𝑆𝑆2 =  {𝑎𝑎1, 𝑎𝑎4, 𝑎𝑎5}. The depictions of all edges: 𝑟𝑟(𝑎𝑎1𝑎𝑎2|𝑆𝑆2) =
(0,1,1), 𝑟𝑟(𝑎𝑎1𝑎𝑎5|𝑆𝑆2) = (0,1,0), 𝑟𝑟(𝑎𝑎2𝑎𝑎3|𝑆𝑆2) = (1,1,1), 
𝑟𝑟(𝑎𝑎2𝑎𝑎4|𝑆𝑆2) = (1,0,1), 𝑟𝑟(𝑎𝑎2𝑎𝑎5|𝑆𝑆2) = (1,1,0), 𝑟𝑟(𝑎𝑎3𝑎𝑎4|𝑆𝑆2) =
(2,0,1), 𝑟𝑟(𝑎𝑎4𝑎𝑎5|𝑆𝑆2) = (1,0,0) are all different.  
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Numerous studies were conducted on the EMD of various 
graph families and the outcomes of specific graph operations 
(Peterin & Yero, 2020; Zhang & Gao, 2020). Furthermore, 
research was also performed on the characterization of graphs 
with particular EMD (Zhu et al., 2019; Knor et al., 2021). 

1.2. Mixed metric dimension 

This study focuses on a combined variation of the two 
previously mentioned parameters. Specifically, given a graph 𝐺𝐺, 
our objective is to distinguish elements of 𝐺𝐺 (edges and vertices) 
through distance vectors to a predetermined set of vertices in 𝐺𝐺. 
A vertex 𝑎𝑎 in a graph 𝐺𝐺  is said to differentiate two elements 𝑢𝑢 and 
𝑣𝑣 (which may be vertices or edges) if  𝑑𝑑𝐺𝐺(𝑢𝑢, 𝑎𝑎) ≠ 𝑑𝑑𝐺𝐺(𝑣𝑣, 𝑎𝑎). A set 
𝑆𝑆 ⊆ 𝐺𝐺 is defined as a mixed metric generator if any two distinct 
elements of 𝐺𝐺 are differentiated by at least one vertex in 𝑆𝑆. The 
smallest size of such a set is the mixed metric dimension (MMD) 
of 𝐺𝐺, represented by 𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐺𝐺) (Kelenc et al. 2017). 

For example, consider the graph 𝐻𝐻 illustrated in Figure 1. It 
can be demonstrated that there is no mixed metric generator of 
𝐻𝐻 with cardinality < 4. The graph 𝐻𝐻 has 𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐻𝐻) = 4, where 
𝑆𝑆3 = {𝑎𝑎1, 𝑎𝑎3, 𝑎𝑎4, 𝑎𝑎5} as mixed metric generator. The 
representations of all elements of 𝐻𝐻: 𝑟𝑟(𝑎𝑎1|𝑆𝑆3) = (0,2,2,1), 
𝑟𝑟(𝑎𝑎2|𝑆𝑆3) = (1,1,1,1), 𝑟𝑟(𝑎𝑎3|𝑆𝑆3) = (2,0,1,2), 𝑟𝑟(𝑎𝑎4|𝑆𝑆3) =
(2,1,0,1), 𝑟𝑟(𝑎𝑎5|𝑆𝑆3) = (1,2,1,0), 𝑟𝑟(𝑎𝑎1𝑎𝑎2|𝑆𝑆3) = (0,1,1,1),  
𝑟𝑟(𝑎𝑎1𝑎𝑎5|𝑆𝑆3) = (0,2,1,0), 𝑟𝑟(𝑎𝑎2𝑎𝑎3|𝑆𝑆3) = (1,0,1,1), 𝑟𝑟(𝑎𝑎2𝑎𝑎4|𝑆𝑆3) =
(1,1,0,1), 𝑟𝑟(𝑎𝑎2𝑎𝑎5|𝑆𝑆3) = (1,1,1,0), 𝑟𝑟(𝑎𝑎3𝑎𝑎4|𝑆𝑆3) = (2,0,0,1),  
𝑟𝑟(𝑎𝑎4𝑎𝑎5|𝑆𝑆3) = (1,1,0,0) are all different. 

 
2. Literature review 

The MMD possess several combinatorial properties. Every 
mixed-metric generator functions simultaneously as a metric 
generator and an edge metric generator. Consequently, the 
following relationship holds. 

Remark 1. (Kelenc et al. 2017). For any graph 𝐺𝐺, 𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐺𝐺) ≥
max {dim (𝐺𝐺),𝑑𝑑𝑑𝑑𝑑𝑑𝑒𝑒(𝐺𝐺)} 

Remark 2. (Kelenc et al. 2017). For any graph 𝐺𝐺 of order 𝑛𝑛, 2 ≤
𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐺𝐺) ≤ 𝑛𝑛 

Several studies have investigated the MMD in different graph 
families and examined the effects of various graph operations 
(Koam et al., 2023; Danas, 2021; Abbas et al., 2024; Darmaji & 
Azahra, 2022; Sedlar & Škrekovski, 2021b). Furthermore, research 
was conducted on the characterization of graphs with a particular 
mixed-metric dimension (Sedlar & Škrekovski, 2021a). 

Computing the MD of a graph can be modeled as an 
optimization problem. From a computational perspective, Diaz et 
al. (2017) and Hauptmann et al. (2012) demonstrated the 
complexity of the MDP, showing that it is NP-complete. 
Computational methods for the metric dimension problem have 
previously been explored by Kratica et al. (2009) on determining 
the strong MD of various graph classes using genetic algorithms. 
Kratica et al. (2012) formulated the problem of a strong MD as a 
linear integer programming model. Chen et al. (2016) designed a 
strongly polynomial-time exact algorithm to solve the minimum 
cost doubly resolving set problem for specific graph classes, while 
Hoffmann et al. (2016) implemented a linear-time algorithm for 
determining the MD of certain graph classes. 

Further advancements occurred when Murdiansyah and 
Adiwijaya (2017) applied the particle swarm optimization 
algorithm in the same year to solve the MDP for hypercube 
graphs. Vietz et al. (2019) proposed a new approach by 
decomposing graphs and applying an algorithm to determine 
their metric dimension. Muhammad and Susilowati (2020) 
developed an algorithm to compute the metric dimension of a 
graph. Chelladurai (2020) designed an algorithm to determine the 
MD and basis of simple graphs. Mohamed et al. (2023) proposed 
an algorithm to address the dominant metric dimension problem 
by employing the binary Archimedes optimization algorithm. 

This paper introduces a computational approach to a problem 
that extends the concept of metric dimension, known as the 
MMD. To date, no computational method has been developed to 
solve the MMDP. The approach adopted in this paper utilizes the 
binary gray wolf optimizer, a population-based metaheuristic 
algorithm inspired by the hunting behavior of gray wolves. 
Research findings show that the GWO is one of the most widely 
used algorithms for solving various optimization problems. A 
bibliometric analysis indicates that the gray wolf optimizer is the 
most frequently referenced metaheuristic in computer science 
(Hendy et al., 2023). 

This paper adopts the binary variant of the Gray Wolf 
Optimizer, an optimization algorithm initially introduced by 
Mirjalili et al. (2014). This algorithm falls under the category of 
population-based swarm intelligence techniques. It is designed 
based on the hunting behavior and hierarchical structure of gray 
wolf (Canis lupus) packs. Gray wolves, members of the Canidae 
family, are classified as apex predators, indicating their 
dominance at the top of the food chain. These animals typically 
live in structured packs, with an average pack size of 5 to 12 
members. 

The pack’s leader is called the alpha, who may be either a 
male or female wolf and holds the highest authority within the 
gray wolf hierarchy. The alpha is responsible for making key 
decisions. The next hierarchical level is the beta, a subordinate to 
the alpha who assists in decision making and performing 

 

Figure 1.  Graph 𝐻𝐻 
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associated activities. At the lowest level is the omega, which acts 
as the group’s scapegoat and is submissive to all dominant 
wolves. Wolves that do not belong to the alpha, beta, or omega 
groups but dominate the omega are classified as delta wolves. 
Although delta wolves are outranked by alpha and beta wolves, 
they exert authority over the omega. 

The following principles are established in developing a 
mathematical model based on the social hierarchy of gray wolves: 
(1) The optimal solution, representing the optimal fitness value, is 
designated as α. (2) The next best solution is represented by β, 
while the third-highest ranked solution is denoted as δ. (3) All 
remaining wolves not belonging to these categories are classified 
as omega. (4) Within the GWO algorithm, the optimization 
process, analogous to the hunting process, is directed by the α, β, 
and δ wolves. In contrast, the ω wolves follow the guidance of 
these leading wolves. 

A pack of gray wolves surrounds their prey during hunting. In 
mathematical modeling, this process is expressed by the following 
equation. 

𝐷𝐷��⃗ = �𝐾𝐾��⃗ .𝑌𝑌𝑝𝑝���⃗ (𝑖𝑖) − 𝑌𝑌�⃗ (𝑖𝑖)�                    (1) 

𝑌𝑌�⃗ (𝑖𝑖 + 1)= 𝑌𝑌𝑝𝑝���⃗ (𝑡𝑡) − 𝐴𝐴.𝐷𝐷��⃗                   (2) 

In this context, 𝑖𝑖 represents the current iteration, 𝐴𝐴 and 𝐾𝐾��⃗  are 
coefficient vectors. 𝑌𝑌𝑝𝑝���⃗  denotes the coordinate vector 
representing the prey's position, and  𝑌𝑌�⃗  denotes the coordinate 
vector of the gray wolf. Vectors 𝐴𝐴 and 𝐾𝐾��⃗  are determined based on 
the following formulas: 

𝐴𝐴=2𝑎⃗𝑎.𝑛𝑛1����⃗ − 𝑎⃗𝑎            (3) 

𝐾𝐾��⃗ = 2 𝑛𝑛2����⃗                    (4) 

Here, 𝑎⃗𝑎 linearly decays from an initial value of 2 to 0 across all 
iterations, where 𝑛𝑛1����⃗  and 𝑛𝑛2����⃗   represent randomly generated 
vectors within the range of [0,1]. 

In mathematically simulating gray wolf hunting behavior, the 
α (representing the most optimal potential solution), β, and δ 
possess better information regarding the prospective location of 
the prey. Therefore, the top three optimal solutions obtained are 
retained, while the remaining search wolves, including the omega 
members, update their positions with reference to where the 
leading wolves are located. This hunting process is modeled 
through equations (5) to (11) (Mirjalili et al., 2014). 

𝐷𝐷𝛼𝛼�����⃗ = �𝐾𝐾1����⃗ .𝑌𝑌𝛼𝛼����⃗ − 𝑌𝑌�⃗ �            (5) 

𝐷𝐷𝛽𝛽����⃗ = �𝐾𝐾2����⃗ .𝑌𝑌𝛽𝛽���⃗ − 𝑌𝑌�⃗ �            (6) 

𝐷𝐷𝛿𝛿����⃗ = �𝐾𝐾3����⃗ .𝑌𝑌𝛿𝛿���⃗ − 𝑌𝑌�⃗ �            (7) 

𝑌𝑌1���⃗ = 𝑌𝑌𝛼𝛼����⃗ − 𝐴𝐴1����⃗ . �𝐷𝐷𝛼𝛼�����⃗ �          (8) 

𝑌𝑌2���⃗ = 𝑌𝑌𝛽𝛽���⃗ − 𝐴𝐴2����⃗ . �𝐷𝐷𝛽𝛽����⃗ �          (9) 

𝑌𝑌3���⃗ = 𝑌𝑌�⃗ − 𝐴𝐴3����⃗ . �𝐷𝐷𝛿𝛿����⃗ �          (10) 

𝑌𝑌(𝚤𝚤+1)����������⃗ = 𝑌𝑌1����⃗ +𝑌𝑌2����⃗ +𝑌𝑌3����⃗
3

              (11) 

3. Proposed BGWO algorithm for the mixed 
metric dimension problem 

Modifications and refinements of the BGWO algorithm are 
crucial for its implementation in solving the MMDP. This necessity 
arises from the inherent characteristics of the solutions to the 
mixed metric dimension problem, which are represented as 
binary ordered, with not all randomly generated outputs 
producing feasible candidate solutions. This section offers a 
detailed explanation of the BGWO algorithm, adapted from its 
application to the feature selection problem, as described in prior 
work (Emary et al., 2016). This section also discusses various 
modification processes designed to enhance the algorithm’s 
performance in solving the mixed metric dimension problem. The 
primary updating equation is presented as shown in equation 
(12). Refer to Algorithm 1 for further details. 

𝑋𝑋𝑖𝑖𝑡𝑡+1 = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3)              (12) 

where 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(𝑥𝑥1, 𝑥𝑥2,𝑥𝑥3) signifies an appropriate 
crossover operation involving solutions 𝑥𝑥,𝑦𝑦, 𝑧𝑧, and 𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3 are 
binary vectors denoting the impact of a wolf’s movement towards 
the 𝛼𝛼,𝛽𝛽, and 𝛿𝛿 gray wolves sequentially. The 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 are 
determined using equations (13),(16), and (19) correspondingly. 

 

𝑥𝑥1𝑑𝑑 = � 1, if (𝑥𝑥𝛼𝛼𝑑𝑑 + 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛼𝛼𝑑𝑑) ≥ 1
0,                        otherwise

            (13) 

 

𝑥𝑥1𝑑𝑑 represents the position vector of the alpha wolf in 
dimension 𝑑𝑑, while 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛼𝛼𝑑𝑑 signifies a binary step in dimension 𝑑𝑑, 
which can be computed as described in equation (14). 

 

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛼𝛼𝑑𝑑 = �1, if 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑑𝑑  ≥ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
0,             otherwise

             (14) 

 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is a randomly generated number from a uniform 
distribution within the [0, 1] range. 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑑𝑑 reflects the 
continuous-valued step size for dimension d and can be computed 
using a sigmoidal function as outlined in equation (15). 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝑑𝑑 = 1

1+𝑒𝑒−10(𝐴𝐴1
𝑑𝑑𝐷𝐷∝𝑑𝑑−0,5)

            (15) 

 

where 𝐴𝐴1𝑑𝑑 and 𝐷𝐷∝𝑑𝑑  are determined by equations (3), and (9) in 
the dimension 𝑑𝑑. 

𝑥𝑥2𝑑𝑑 = �1, if (𝑥𝑥𝛽𝛽𝑑𝑑 + 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛽𝛽𝑑𝑑) ≥ 1
0,                     otherwise

       (16) 

The vector 𝑥𝑥𝛽𝛽𝑑𝑑 represents the position vector of the beta wolf 
in dimension 𝑑𝑑, and 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛽𝛽𝑑𝑑 represents a binary step in dimension 
𝑑𝑑 that can be determined as in equation (17). 

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛽𝛽𝑑𝑑 = �1, if 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛽𝛽𝑑𝑑  ≥ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
0,              otherwise

           (17) 
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where the 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 denotes a randomly generated number from 
a uniform distribution within the range ∈ [0, 1], and 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛽𝛽𝑑𝑑 
represents the continuous-valued step size for dimension 𝑑𝑑 which 
can be computed using a sigmoidal function as outlined in 
equation (18). 

 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛽𝛽𝑑𝑑 = 1

1+𝑒𝑒−10(𝐴𝐴1
𝑑𝑑𝐷𝐷𝛽𝛽

𝑑𝑑−0,5)
                      (18) 

 

where 𝐴𝐴1𝑑𝑑 and 𝐷𝐷𝛽𝛽𝑑𝑑  are computed using equations (3) and (5) in 
the dimension 𝑑𝑑. 

 

𝑥𝑥3𝑑𝑑 = �1, if (𝑥𝑥𝛿𝛿𝑑𝑑 + 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛿𝛿𝑑𝑑) ≥ 1
0,                   otherwise

           (19) 

 

𝑥𝑥𝛿𝛿𝑑𝑑 represents the position vector of the delta wolf in 
dimension 𝑑𝑑, while 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛿𝛿𝑑𝑑 denotes a binary step in dimension 𝑑𝑑, 
calculated according to equation (20). 

 

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝛿𝛿𝑑𝑑 = �1, if 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑑𝑑  ≥ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
0,             otherwise

         (20) 

 

where 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is a random number drawn from the uniform 
distribution ∈ [0, 1], and  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑑𝑑 is the continuous-valued step 
size for dimension 𝑑𝑑 and can be calculated using a sigmoidal 
function as in equation (21). 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑑𝑑 = 1

1+𝑒𝑒−10(𝐴𝐴1
𝑑𝑑𝐷𝐷𝛿𝛿

𝑑𝑑−0,5)
                      (21) 

 

As equation (22) demonstrates, a stochastic crossover 
strategy is implemented per dimension to perform the crossover 
operation among the solutions 𝑎𝑎, 𝑏𝑏, and 𝑐𝑐. 

𝑥𝑥𝑑𝑑 = �
𝑎𝑎𝑑𝑑 ,            if 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 < 1

3

𝑏𝑏𝑑𝑑 ,   if 1
3
≤ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 < 2

3
 

𝑐𝑐𝑑𝑑 ,             otherwise

             (22) 

 

where 𝑎𝑎𝑑𝑑, 𝑏𝑏𝑑𝑑, 𝑐𝑐𝑑𝑑  represent the binary values for the first, 
second, and third parameters in dimension 𝑑𝑑, 𝑥𝑥𝑑𝑑  denotes the 
crossover output at dimension 𝑑𝑑, and rand is a randomly 
generated number from a uniform distribution within the range 
[0,1]. 

 

 

 

 

 

The proposed method combines distance-based matrix 
representations and population-based optimization techniques 
modeled on the behavior of gray wolves in nature. This section 
describes the construction of the problem, initialization, iterative 
process, and enhancements incorporated into the BGWO 
approach. 

I. Graph Representation and Matrix Construction The input 
graph is represented by an adjacency matrix A, which stores the 
weights between nodes. The diagonal entries of A are set to zero, 
indicating that the distance between any node and itself is zero. 
The distance is set to infinity (inf) if no direct edge exists between 
two nodes. To evaluate the distances between nodes and edges, 
the following matrices are constructed: 

1. Distance Matrix D, contains the minimum distances along 
the shortest paths connecting every pair of vertices, 
computed using the Floyd-Warshall algorithm. 

2. Edge-to-Node Distance Matrix B: For each edge in the graph, 
the minimum distance to all nodes is calculated and stored 
in Matrix B. 

3. Combined Matrix C: The Matrix C merges D and B to provide 
a complete distance representation of both nodes and 
edges. 

The Matrix C serves as the primary input to the optimization 
algorithm. 

 

 

Algorithm 1. Modified BGWO Algorithm for mixed metric 
dimension problem  

Input: 𝑛𝑛 number of vertices, Matrix C, popsize, MaxIt 
Output: 𝑥𝑥𝛼𝛼 optimal gray wolf, mixed metric dimension 
 
1. Initalize a population of a popsize wolves’ positions at 

random ∈ [0,1] 
2. Find the representation of all vertices and edges with 

respect to wolves 
3. Row uniqueness validation 
4. Replace the population based on objective value 
5. Find the fitness value 
6. Find the 𝛼𝛼,𝛽𝛽, and 𝛿𝛿 based on fitness while stopping 

criteria not met do 
 
For each 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝜖𝜖 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 do 
Calculate 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 using equations (13),(16), and (19) 
𝑥𝑥𝑖𝑖𝑡𝑡+1 ← crossover among 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 using equation (22) 
end (for) 
I. Update 𝑎𝑎,𝐴𝐴,𝐶𝐶 
II. Evaluate the positions of individual wolves 
III. Update  𝛼𝛼,𝛽𝛽, and 𝛿𝛿 
IV. Mutation 
V. Validation 
VI. Stagnation handling and elitism end (while) 
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II. Binary Gray Wolf Optimization Framework  

The steps of the BGWO algorithm are outlined as follows: 

Step 1: Population Initialization 

A population of popsize binary wolves is arbitrarily generated. 
Each wolf represents a candidate solution, where a one at 
position d indicates that vertex d is selected for the solution. If no 
valid solution is found in the initial population (i.e., all nodes are 
set to 0), the algorithm regenerates new wolves to ensure at least 
one vertex is selected. 

Step 2: Fitness Evaluation 

For each wolf in the population, the following steps are 
performed: 

1. Matrix Representation: The binary vector of a wolf selects 
specific columns from Matrix C, generating a submatrix. 

2. Lexicographic Sorting: The submatrix is sorted 
lexicographically to facilitate comparison between rows. 

3. Row Uniqueness Validation: If any two rows in the sorted 
Matrix are identical, the wolf is deemed invalid. The wolf is 
updated by randomly flipping one 0 to a 1, and the validation 
is repeated until all rows are a unique representation of both 
vertices and edges. 

4. Objective Value Calculation: The algorithm computes the 
maximum positional difference (j(i)) between consecutive 
rows of the sorted matrix. This value measures the quality of 
the solution. 

5. Fitness Assignment: The fitness value is defined as 1/(1 + j(i)), 
where a lower j(i) yields a higher fitness score. This 
formulation encourages solutions with minimal vertex 
selections while maintaining row uniqueness. 

Step 3: Selection of  𝛼𝛼,𝛽𝛽, and 𝛿𝛿 Wolves 

Based on the fitness values, the wolves are ranked, and the 
three best wolves are identified as 𝛼𝛼,𝛽𝛽, and 𝛿𝛿. These wolves guide 
the population’s exploration and exploitation during the 
optimization process. 

Step 4: Iterative Optimization 

The algorithm proceeds iteratively for a maximum number of 
iterations, applying the following operations at each iteration: 

1. Wolf Update: Each wolf updates its position based on the 
influence of alpha, beta, and delta. The update involves 
generating random coefficients (A and C), calculating new 
candidate positions (X1, X2, X3), and performing crossover to 
determine the final position. 

2. Mutation: To maintain population diversity and avoid 
premature convergence, a mutation step randomly flips bits 
in the wolf vector with a certain probability. 

3. Validation: After updating positions, the wolves undergo 
validation to ensure that all matrix representations maintain 
unique rows. Wolves failing this validation are repaired by 
modifying their binary vectors. 

4. Objective Reevaluation: The algorithm recomputes the 
updated population’s objective values and fitness scores. 

5. Update 𝛼𝛼,𝛽𝛽, and 𝛿𝛿 wolves: The 𝛼𝛼,𝛽𝛽, and 𝛿𝛿 wolves are 
updated based on the new fitness rankings. 

Step 5: Stagnation Handling 

The algorithm tracks changes in the best objective value 
across iterations to address stagnation. If no improvement is 
observed over multiple iterations, the algorithm performs a 
partial restart by reinitializing a portion of the population. This 
strategy helps escape local optima and enhances the solution 
space exploration. 

III. Termination and Result Visualization 

The algorithm terminates when it reaches either the 
maximum iteration count or a convergence criterion. The best 
solution (alpha) is then extracted, representing the optimal 
selection of vertices for the MMDP. The script stores the MMD at 
each iteration. A plot is generated to visualize the progression of 
the metric dimension over time, demonstrating the algorithm’s 
performance and how it approaches convergence. 

 
4. Results 

In this section, the experiments were conducted using 
MATLAB R2023b, installed on a Windows 10 Pro system equipped 
with a Core i5 processor and 16 GB of RAM. The results of the 
BGWO algorithm for the MMD of the cycle graphs, wheel graphs, 
path graphs, grid graphs, and complete bipartite graphs are 
presented in Tables 1, 2, 3, 4, and 5, respectively. Also, the upper 
bounds for the EMD and MMD of the generalized antiprism graph 
are provided. These theoretical results can then be compared 
with the outcomes obtained from the BGWO algorithm 
simulations. 

An elitism process is required for path graphs 𝑃𝑃𝑛𝑛  with 𝑛𝑛 ≥ 12, 
for ladder graphs 𝐿𝐿𝑛𝑛 with 𝑛𝑛 ≥ 9, and for grid graphs 𝑃𝑃4 × 𝑃𝑃5. 
Elitism ensures that the best solution found so far is never lost 
during iterations. After evaluating all individuals in the population 
at each iteration, the algorithm identifies the best-performing 
solution (alpha) based on the objective function. If this new best 
solution is better than the previously recorded best solution, it 
updates the record. Otherwise, the previous best solution is 
reinserted into the population, replacing the current worst 
individual. This process guarantees that the best solution persists 
through generations, preventing degradation due to random 
mutations or exploration steps. Consequently, elitism helps 
stabilize the algorithm, reduces fluctuations, and ensures 
convergence towards an optimal solution over time (see Fig. 2). 
This simulation shows that the BGWO algorithm produces the 
same results as those reported in (Kelenc, 2016; Sedlar & 
Škrekovski, 2021a; Sedlar & Škrekovski, 2021b). 
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Table 1.  Results of BGWO Algorithm for MMD on Cycle graphs. 
Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒎𝒎 Mixed metric generator 

 

 

 

Cycle 
graphs 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

{𝑎𝑎1, 𝑎𝑎3, 𝑎𝑎4} 
{𝑎𝑎1, 𝑎𝑎, 𝑎𝑎4} 

{𝑎𝑎1, 𝑎𝑎3, 𝑎𝑎4} 
{𝑎𝑎1, 𝑎𝑎4, 𝑎𝑎6} 
{𝑎𝑎2, 𝑎𝑎4, 𝑎𝑎8} 
{𝑎𝑎1, 𝑎𝑎5, 𝑎𝑎9} 
{𝑎𝑎3, 𝑎𝑎5, 𝑎𝑎8} 
{𝑎𝑎3,𝑎𝑎5, 𝑎𝑎9} 
{𝑎𝑎2, 𝑎𝑎4, 𝑎𝑎8} 
{𝑎𝑎2, 𝑎𝑎8, 𝑎𝑎11} 
{𝑎𝑎6, 𝑎𝑎13, 𝑎𝑎14} 
{𝑎𝑎5, 𝑎𝑎11, 𝑎𝑎15} 

       
 

Table 2. Results of BGWO Algorithm for MMD on Wheel graphs. 
Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒎𝒎 Mixed metric generator 
 
 
Wheel graph 

4 
5 
6 
7 
8 
9 

10 

6 
8 

10 
12 
14 
16 
18 

20 
20 
20 
20 
20 
20 
20 

1 
1 
1 
1 
1 
1 
1 

4 
4 
5 
6 
7 
8 
9 

{𝑤𝑤1,𝑤𝑤2,𝑤𝑤3,𝑤𝑤4} 
{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5} 

{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5,𝑤𝑤6} 
{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5,𝑤𝑤6,𝑤𝑤7} 

{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5,𝑤𝑤6,𝑤𝑤7,𝑤𝑤8} 
{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5,𝑤𝑤6,𝑤𝑤7,𝑤𝑤8,𝑤𝑤9} 

{𝑤𝑤2,𝑤𝑤3,𝑤𝑤4,𝑤𝑤5,𝑤𝑤6,𝑤𝑤7,𝑤𝑤8,𝑤𝑤9,𝑤𝑤10} 
       

 
Table 3. Results of BGWO Algorithm for MMD on path graphs. 

Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒎𝒎 Mixed metric generator 
 
 
 
 
 
Path graph 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

{𝑣𝑣1, 𝑣𝑣2} 
{𝑣𝑣1, 𝑣𝑣3} 
{𝑣𝑣1, 𝑣𝑣4} 
{𝑣𝑣1, 𝑣𝑣5} 
{𝑣𝑣1, 𝑣𝑣6} 
{𝑣𝑣1, 𝑣𝑣7} 
{𝑣𝑣1, 𝑣𝑣8} 
{𝑣𝑣1, 𝑣𝑣10} 
{𝑣𝑣1, 𝑣𝑣10} 
{𝑣𝑣1, 𝑣𝑣11} 
{𝑣𝑣1, 𝑣𝑣12} 
{𝑣𝑣1, 𝑣𝑣13} 
{𝑣𝑣1, 𝑣𝑣14} 
{𝑣𝑣1, 𝑣𝑣15} 

       
 

Table 4. Results of BGWO Algorithm for MMD on Ladder and Grid graphs. 
Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒎𝒎 Mixed metric generator 
𝐿𝐿3 
𝐿𝐿4  
𝐿𝐿5 
𝐿𝐿6  
𝐿𝐿7 
𝐿𝐿8 
𝐿𝐿9 
𝐿𝐿10 

𝑃𝑃3 × 𝑃𝑃3 
𝑃𝑃3 × 𝑃𝑃4 
𝑃𝑃4 × 𝑃𝑃5 

6 
8 

10 
12 
14 
16 
18 
20 
9 

12 
20 

7 
10 
13 
16 
19 
22 
25 
28 
12 
17 
31 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

1 
1 
1 
1 
1 
1 
3 
2 
1 
1 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

{𝑙𝑙1, 𝑙𝑙3, 𝑙𝑙6} 
{𝑙𝑙3, 𝑙𝑙5, 𝑙𝑙8} 
{𝑙𝑙1, 𝑙𝑙5, 𝑙𝑙8} 
{𝑙𝑙2, 𝑙𝑙7, 𝑙𝑙12} 
{𝑙𝑙2, 𝑙𝑙8, 𝑙𝑙14} 
{𝑙𝑙1, 𝑙𝑙8, 𝑙𝑙13} 
{𝑙𝑙5, 𝑙𝑙10, 𝑙𝑙18} 
{𝑙𝑙1, 𝑙𝑙10, 𝑙𝑙14} 
{𝑝𝑝1, 𝑝𝑝3,𝑝𝑝7} 
{𝑝𝑝1, 𝑝𝑝3, 𝑝𝑝10} 
{𝑝𝑝1, 𝑝𝑝4, 𝑝𝑝19} 
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Now, we give the upper bound on the EMD and the upper 
bound on the MMD of the generalized antiprism graph. 
Theorem 1. Edge metric dimension of the generalized antiprism 
graph 𝐴𝐴3𝑛𝑛,  𝑑𝑑𝑑𝑑𝑑𝑑(𝐴𝐴3𝑛𝑛) ≤ 2𝑛𝑛. 

Proof. Suppose 𝑉𝑉(𝐴𝐴3𝑛𝑛) =
{𝑎𝑎11,𝑎𝑎12, 𝑎𝑎13, 𝑎𝑎21, 𝑎𝑎22, 𝑎𝑎23, 𝑎𝑎31, 𝑎𝑎32, 𝑎𝑎33, … , 𝑎𝑎𝑛𝑛1 ,𝑎𝑎𝑛𝑛2 , 𝑎𝑎𝑛𝑛3} and 𝑆𝑆𝑛𝑛 =
{𝑎𝑎11,𝑎𝑎12, 𝑎𝑎22, 𝑎𝑎23, 𝑎𝑎31, 𝑎𝑎33, … , 𝑎𝑎𝑛𝑛𝑥𝑥, 𝑎𝑎𝑛𝑛

𝑦𝑦} ⊆ 𝑉𝑉(𝐴𝐴3𝑛𝑛)   with(𝑥𝑥,𝑦𝑦) =

�
(1,2) if  𝑛𝑛 = 3𝑡𝑡 − 2,   𝑡𝑡 ∈ {1,2,3, … }
(2,3)if  𝑛𝑛 = 3𝑡𝑡 − 1,   𝑡𝑡 ∈ {1,2,3, … }
(1,3)                                   otherwise

 is the set of vertices located 

on paths that are opposite to each other, as illustrated in Figure 
3. The representation of all edges in 𝐴𝐴3𝑛𝑛 is as follows: 

𝑟𝑟(𝑎𝑎11𝑎𝑎12|𝑆𝑆𝑛𝑛) = (0,0,1,1,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎12𝑎𝑎13|𝑆𝑆𝑛𝑛) = (1,0,1,1,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎11𝑎𝑎13|𝑆𝑆𝑛𝑛) = (0,1,1,1,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎21𝑎𝑎22|𝑆𝑆𝑛𝑛) = (1,1,0,1,1,1, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎22𝑎𝑎23|𝑆𝑆𝑛𝑛) = (1,1,0,0,1,1, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎21𝑎𝑎23|𝑆𝑆𝑛𝑛) = (1,1,1,0,1,1, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎31𝑎𝑎32|𝑆𝑆𝑛𝑛) = (2,2,1,1,0,1, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎32𝑎𝑎33|𝑆𝑆𝑛𝑛) = (2,2,1,1,1,0, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎31𝑎𝑎33|𝑆𝑆𝑛𝑛) = (2,2,1,1,0,0, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

⋮ 

𝑟𝑟(𝑎𝑎𝑛𝑛1𝑎𝑎𝑛𝑛2|𝑆𝑆𝑛𝑛) = (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛
− 3, … , 𝑥𝑥1,𝑦𝑦1) 

𝑟𝑟(𝑎𝑎𝑛𝑛2𝑎𝑎𝑛𝑛3|𝑆𝑆𝑛𝑛) = (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛
− 3, … , 𝑥𝑥2,𝑦𝑦2) 

𝑟𝑟(𝑎𝑎𝑛𝑛1𝑎𝑎𝑛𝑛3|𝑆𝑆𝑛𝑛) = (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛
− 3, … , 𝑥𝑥3,𝑦𝑦3) 

where: 

(𝑥𝑥1,𝑦𝑦1) = �(0,0) if  𝑛𝑛 = 3𝑡𝑡 − 2,   𝑡𝑡 ∈ 𝑁𝑁
(0,1)                     otherwise,           (𝑥𝑥2,𝑦𝑦2) =

�(1,0) if  𝑛𝑛 = 3𝑡𝑡 − 2  or  𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(0,0)                                         otherwise  

 

Table 5. Results of BGWO Algorithm for MMD on Complete Bipartite graphs. 
Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒎𝒎 Mixed metric generator 
𝐿𝐿3 
𝐿𝐿4  
𝐿𝐿5 
𝐿𝐿6  
𝐿𝐿7 
𝐿𝐿8 
𝐿𝐿9 
𝐿𝐿10 

𝑃𝑃3 × 𝑃𝑃3 
𝑃𝑃3 × 𝑃𝑃4 
𝑃𝑃4 × 𝑃𝑃5 

6 
8 

10 
12 
14 
16 
18 
20 
9 

12 
20 

7 
10 
13 
16 
19 
22 
25 
28 
12 
17 
31 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

1 
1 
1 
1 
1 
1 
3 
2 
1 
1 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

{𝑙𝑙1, 𝑙𝑙3, 𝑙𝑙6} 
{𝑙𝑙3, 𝑙𝑙5, 𝑙𝑙8} 
{𝑙𝑙1, 𝑙𝑙5, 𝑙𝑙8} 
{𝑙𝑙2, 𝑙𝑙7, 𝑙𝑙12} 
{𝑙𝑙2, 𝑙𝑙8, 𝑙𝑙14} 
{𝑙𝑙1, 𝑙𝑙8, 𝑙𝑙13} 
{𝑙𝑙5, 𝑙𝑙10, 𝑙𝑙18} 
{𝑙𝑙1, 𝑙𝑙10, 𝑙𝑙14} 
{𝑝𝑝1, 𝑝𝑝3,𝑝𝑝7} 
{𝑝𝑝1, 𝑝𝑝3, 𝑝𝑝10} 
{𝑝𝑝1, 𝑝𝑝4, 𝑝𝑝19} 

       
 

 

Figure 2. The MMD of 𝑃𝑃12 without (a) and with (b) elitism process 
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(𝑥𝑥3,𝑦𝑦3) = �
(0,1)  if  𝑛𝑛 = 3𝑡𝑡 − 2  or  𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)                      if  𝑛𝑛 = 3𝑡𝑡 − 1 , 𝑡𝑡 ∈ 𝑁𝑁
(0,0)                                         otherwise

 

Next: 

𝑟𝑟(𝑎𝑎11𝑎𝑎21|𝑆𝑆𝑛𝑛) = (0,1,1,1,1,1,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎12𝑎𝑎21|𝑆𝑆𝑛𝑛) = (1,0,1,1,1,1,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎12𝑎𝑎22|𝑆𝑆𝑛𝑛) = (1,0,0,1,1,2,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎13𝑎𝑎22|𝑆𝑆𝑛𝑛) = (1,1,0,1,1,2,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎13𝑎𝑎23|𝑆𝑆𝑛𝑛) = (1,1,1,0,2,1,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎11𝑎𝑎23|𝑆𝑆𝑛𝑛) = (0,1,1,0,2,1,2,2,3,3, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎21𝑎𝑎31|𝑆𝑆𝑛𝑛) = (1,1,1,1,0,1,1,2,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎22𝑎𝑎31|𝑆𝑆𝑛𝑛) = (2,1,0,1,0,1,1,2,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎22𝑎𝑎32|𝑆𝑆𝑛𝑛) = (2,1,0,1,1,1,1,1,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎23𝑎𝑎32|𝑆𝑆𝑛𝑛) = (1,2,1,0,1,1,1,1,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎23𝑎𝑎33|𝑆𝑆𝑛𝑛) = (1,2,1,0,1,0,2,1,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎21𝑎𝑎33|𝑆𝑆𝑛𝑛) = (1,1,1,1,1,0,2,1,2,2, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎31𝑎𝑎41|𝑆𝑆𝑛𝑛) = (2,2,1,2,0,1,0,1,2,1, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 

𝑟𝑟(𝑎𝑎32𝑎𝑎41|𝑆𝑆𝑛𝑛) = (2,2,1,1,1,1,0,1,2,1, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 

𝑟𝑟(𝑎𝑎32𝑎𝑎42|𝑆𝑆𝑛𝑛) = (2,2,1,1,1,1,1,0,1,2, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 

𝑟𝑟(𝑎𝑎33𝑎𝑎42|𝑆𝑆𝑛𝑛) = (2,2,2,1,1,0,1,0,1,2, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 

𝑟𝑟(𝑎𝑎33𝑎𝑎43|𝑆𝑆𝑛𝑛) = (2,2,2,1,1,0,1,1,1,1, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 

𝑟𝑟(𝑎𝑎31𝑎𝑎43|𝑆𝑆𝑛𝑛) = (2,2,1,2,0,1,1,1,1,1, … ,𝑛𝑛 − 4,𝑛𝑛 − 4) 
𝑟𝑟(𝑎𝑎41𝑎𝑎51|𝑆𝑆𝑛𝑛) = (3,3,2,2,1,2,0,1,1,1, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

𝑟𝑟(𝑎𝑎42𝑎𝑎51|𝑆𝑆𝑛𝑛) = (3,3,2,2,2,1,1,0,1,1, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

𝑟𝑟(𝑎𝑎42𝑎𝑎52|𝑆𝑆𝑛𝑛) = (3,3,2,2,2,1,1,0,0,1, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

𝑟𝑟(𝑎𝑎43𝑎𝑎52|𝑆𝑆𝑛𝑛) = (3,3,2,2,1,1,1,1,0,1, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

𝑟𝑟�𝑎𝑎43𝑎𝑎53|𝑆𝑆𝑛𝑛� = (3,3,2,2,1,1,1,1,1,0, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

𝑟𝑟�𝑎𝑎41𝑎𝑎53|𝑆𝑆𝑛𝑛� = (3,3,2,2,1,2,0,1,1,0, … ,𝑛𝑛 − 5,𝑛𝑛 − 5) 

⋮ 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
1 𝑎𝑎(𝑛𝑛−1)

1 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … , 𝑝𝑝1, 𝑞𝑞1) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
2 𝑎𝑎(𝑛𝑛−1)

1 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … , 𝑝𝑝2, 𝑞𝑞2) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
2 𝑎𝑎(𝑛𝑛−1)

2 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … , 𝑝𝑝3, 𝑞𝑞3) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
3 𝑎𝑎(𝑛𝑛−1)

2 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … ,𝑝𝑝4, 𝑞𝑞4) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
3 𝑎𝑎(𝑛𝑛−1)

3 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … , 𝑝𝑝5, 𝑞𝑞5) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−2)
1 𝑎𝑎(𝑛𝑛−1)

3 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 3,𝑛𝑛 − 3,𝑛𝑛 − 4,𝑛𝑛 − 4, … , 𝑝𝑝6, 𝑞𝑞6) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
1 𝑎𝑎𝑛𝑛1 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟1, 𝑠𝑠1, 𝑡𝑡1,𝑢𝑢1, 𝑣𝑣1,𝑤𝑤1) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
2 𝑎𝑎𝑛𝑛1 |𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟2, 𝑠𝑠2, 𝑡𝑡2,𝑢𝑢2, 𝑣𝑣2,𝑤𝑤2) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
2 𝑎𝑎𝑛𝑛2|𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟3, 𝑠𝑠3, 𝑡𝑡3,𝑢𝑢3, 𝑣𝑣3,𝑤𝑤3) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
3 𝑎𝑎𝑛𝑛2|𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟4, 𝑠𝑠4, 𝑡𝑡4,𝑢𝑢4, 𝑣𝑣4,𝑤𝑤4) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
3 𝑎𝑎𝑛𝑛3|𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟5, 𝑠𝑠5, 𝑡𝑡5,𝑢𝑢5, 𝑣𝑣5,𝑤𝑤5) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
1 𝑎𝑎𝑛𝑛3|𝑆𝑆𝑛𝑛� = (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛

− 3, … ,2,2, 𝑟𝑟6, 𝑠𝑠6, 𝑡𝑡6,𝑢𝑢6, 𝑣𝑣6,𝑤𝑤6) 

where: 

(𝑝𝑝1, 𝑞𝑞1) = �
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                  otherwise

 ,    (𝑝𝑝2, 𝑞𝑞2) =

�
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                  otherwise

 

 

(𝑝𝑝3, 𝑞𝑞3) = �(1,2) if 𝑛𝑛 = 3𝑡𝑡 − 2 or 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                                     otherwise ,  (𝑝𝑝4,𝑞𝑞4) =

�
(1,2) if 𝑛𝑛 = 3𝑡𝑡 − 2 or 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                                     otherwise 

 

(𝑝𝑝5, 𝑞𝑞5) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)          otherwise,  (𝑝𝑝6,𝑞𝑞6) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)          otherwise 

 

(𝑟𝑟1, 𝑠𝑠1) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)                 otherwise ,  (𝑟𝑟2, 𝑠𝑠2) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                  otherwise 

 

(𝑟𝑟3, 𝑠𝑠3) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                 otherwise ,  (𝑟𝑟4, 𝑠𝑠4) =

�
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                  otherwise

 

 

(𝑟𝑟5, 𝑠𝑠5) = �
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                  otherwise

,  (𝑟𝑟6, 𝑠𝑠6) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)                 otherwise  

 

(𝑡𝑡1,𝑢𝑢1) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                 otherwise , (𝑡𝑡2,𝑢𝑢2) =

�
(0,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)                  otherwise
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(𝑡𝑡3,𝑢𝑢3) = �
(0,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)                  otherwise

 ,  (𝑡𝑡4,𝑢𝑢4) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)          otherwise 

 

(𝑡𝑡5,𝑢𝑢5) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)          otherwise  ,  (𝑡𝑡6,𝑢𝑢6) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                 otherwise  

 

(𝑣𝑣1,𝑤𝑤1) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)          otherwise  ,  (𝑣𝑣2,𝑤𝑤2) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)          otherwise 

 

(𝑣𝑣3,𝑤𝑤3) = �
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                  otherwise

  ,  (𝑣𝑣4,𝑤𝑤4) =

�
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                  otherwise

 

 

(𝑣𝑣5,𝑤𝑤5) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)          otherwise  ,  (𝑣𝑣6,𝑤𝑤6) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                 otherwise  

 

Because of all the edge representation are distinct, thus 𝑆𝑆𝑛𝑛 is 
basis of 𝐴𝐴3𝑛𝑛 and 𝑑𝑑𝑑𝑑𝑑𝑑𝑒𝑒(𝐴𝐴3𝑛𝑛) ≤ 2𝑛𝑛.   ∎ 

 

 
Figure 3. A basis of the generalized antiprism graph 𝐴𝐴3𝑛𝑛 

 
Theorem 2. MMD of the generalized antiprism graph 𝐴𝐴3𝑛𝑛, 
𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐴𝐴3𝑛𝑛) ≤ 2𝑛𝑛.  

Proof. Choose the set 𝑆𝑆𝑛𝑛 as described in Theorem. 1. 
Consequently, the representation of the edges is presented as in 
the proof of Theorem 1. Furthermore, each vertex’s 
representation in 𝐴𝐴3𝑛𝑛 can be stated as: 

𝑟𝑟(𝑎𝑎11|𝑆𝑆𝑛𝑛) =  (0,1,2,1,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎12|𝑆𝑆𝑛𝑛) =  (1,0,1,2,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎13|𝑆𝑆𝑛𝑛) =  (1,1,1,1,2,2, … ,𝑛𝑛 − 1,𝑛𝑛 − 1) 

𝑟𝑟(𝑎𝑎21|𝑆𝑆𝑛𝑛) =  (1,1,1,1,1,1, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎22|𝑆𝑆𝑛𝑛) =  (2,1,0,1,1,2, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎23|𝑆𝑆𝑛𝑛) =  (1,2,1,0,2,1, … ,𝑛𝑛 − 2,𝑛𝑛 − 2) 

𝑟𝑟(𝑎𝑎31|𝑆𝑆𝑛𝑛) =  (2,2,1,2,0,1, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎32|𝑆𝑆𝑛𝑛) =  (2,2,1,1,1,1, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

𝑟𝑟(𝑎𝑎33|𝑆𝑆𝑛𝑛) =  (2,2,2,1,1,0, … ,𝑛𝑛 − 3,𝑛𝑛 − 3) 

⋮ 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
1 |𝑆𝑆𝑛𝑛� =  (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛 − 3, … , 𝑏𝑏1, 𝑐𝑐1) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
2 |𝑆𝑆𝑛𝑛� =  (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛 − 3, … , 𝑏𝑏2, 𝑐𝑐2) 

𝑟𝑟�𝑎𝑎(𝑛𝑛−1)
3 |𝑆𝑆𝑛𝑛� =  (𝑛𝑛 − 2,𝑛𝑛 − 2,𝑛𝑛 − 3,𝑛𝑛 − 3, … , 𝑏𝑏3, 𝑐𝑐3) 

𝑟𝑟(𝑎𝑎𝑛𝑛1 |𝑆𝑆𝑛𝑛) =  (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2, , … ,2,2,𝑑𝑑1, 𝑒𝑒1, 𝑓𝑓1,𝑔𝑔1) 

𝑟𝑟(𝑎𝑎𝑛𝑛2|𝑆𝑆𝑛𝑛) =  (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2, , … ,2,2,𝑑𝑑2, 𝑒𝑒2, 𝑓𝑓2,𝑔𝑔2) 

𝑟𝑟(𝑎𝑎𝑛𝑛3|𝑆𝑆𝑛𝑛) =  (𝑛𝑛 − 1,𝑛𝑛 − 1,𝑛𝑛 − 2,𝑛𝑛 − 2, , … ,2,2,𝑑𝑑3, 𝑒𝑒3, 𝑓𝑓3,𝑔𝑔3) 

where: 

(𝑏𝑏1, 𝑐𝑐1) = �
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                  otherwise

  , (𝑏𝑏2, 𝑐𝑐2) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)                  otherwise 

 

(𝑏𝑏3, 𝑐𝑐3) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                  otherwise,   (𝑑𝑑1, 𝑒𝑒1) =

�(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)                  otherwise 

 

(𝑑𝑑2, 𝑒𝑒2) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)          otherwise  ,  (𝑑𝑑3, 𝑒𝑒3) =

�
(1,1)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,2)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(2,1)                  otherwise

 

 

(𝑓𝑓1 ,𝑔𝑔1) = �(1,1) if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)                  otherwise ,  (𝑓𝑓2,𝑔𝑔2) =

�
(1,0)  if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(0,1)  if 𝑛𝑛 = 3𝑡𝑡 − 1, 𝑡𝑡 ∈ 𝑁𝑁
(1,1)                  otherwise

 

 

(𝑓𝑓3,𝑔𝑔3) = �(2,1) if 𝑛𝑛 = 3𝑡𝑡 − 2, 𝑡𝑡 ∈ 𝑁𝑁
(1,0)                  otherwise 

 

Because of all the edge and vertex representations being 
different, 𝑆𝑆𝑛𝑛 is a mixed generator of 𝐴𝐴3𝑛𝑛 and 𝑑𝑑𝑑𝑑𝑑𝑑𝑚𝑚(𝐴𝐴3𝑛𝑛) ≤ 2𝑛𝑛. ∎ 
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The following presents the simulation results of the BGWO 
algorithm for determining the EMD and MMD of the generalized 
antiprism, as shown in Tables 6 and 7. The results demonstrate 
that the BGWO algorithm yields values consistent with those 
established in Theorems 1 and 2, with efficient completion times 
indicated by the required number of iterations. 

 
5. Conclusion 

This paper presents a modified binary Gray Wolf Optimizer 
(BGWO) algorithm to address the mixed-metric dimension 
problem. The algorithm is designed to reduce the number of 
vertices required to uniquely identify all elements of a graph 
based on distance constraints. The proposed BGWO algorithm 
incorporates several enhancements aimed at improving 
performance in the MMDP. First, validation of the uniqueness of 
the row ensures that all solutions maintain valid matrix 
representations. Second, dynamic stagnation handling detects 
and resolves stagnation through partial population restarts. Third, 
mutation promotes diversity and prevents premature 
convergence. Lastly, iterative crossover balances exploration and 
exploitation by dynamically updating the positions of the wolves. 
In some graphs with many vertices or edges, an elitism process is 
necessary. Elitism ensures that the best solution found so far is 
never lost during iterations. The results demonstrate that the 
modified BGWO algorithm achieves efficient completion times 
and delivers competitive outcomes for this problem. 

Moreover, the BGWO algorithm shows practical utility in the 
following areas: (1) conducting pattern recognition to identify 

resolving set patterns within specific graph families. The 
algorithm’s outputs provide various minimum resolving sets, 
allowing the selection of resolving sets for pattern identification 
and analysis; (2) developing hypotheses about the mixed metric 
dimension values for specific types or families of graphs; (3) 
generating mixed metric dimension values that may coincide with 
or fall below the upper bounds obtained from theoretical results. 
This phenomenon occurs because theoretical results rely on fixed 
patterns or regularities, while the BGWO algorithm operates 
through random calculations using an iterative refinement 
mechanism. 
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{𝑎𝑎1,𝑎𝑎2,𝑎𝑎4,𝑎𝑎6,𝑎𝑎7,𝑎𝑎9,𝑎𝑎10,𝑎𝑎12,𝑎𝑎13,𝑎𝑎15,𝑎𝑎16,𝑎𝑎18,𝑎𝑎20,𝑎𝑎21,𝑎𝑎23,𝑎𝑎24,𝑎𝑎25,𝑎𝑎27,𝑎𝑎28,𝑎𝑎30} 

{𝑎𝑎2,𝑎𝑎3,𝑎𝑎5,𝑎𝑎6,𝑎𝑎7,𝑎𝑎9,𝑎𝑎11,𝑎𝑎12,𝑎𝑎14,𝑎𝑎15,𝑎𝑎16,𝑎𝑎18,𝑎𝑎19,𝑎𝑎20,𝑎𝑎23,𝑎𝑎24,𝑎𝑎26,𝑎𝑎27,𝑎𝑎28,𝑎𝑎30,𝑎𝑎32,𝑎𝑎33} 

{𝑎𝑎1,𝑎𝑎2,𝑎𝑎5,𝑎𝑎6, 𝑎𝑎7,𝑎𝑎9,𝑎𝑎10,𝑎𝑎11,𝑎𝑎14,𝑎𝑎15,𝑎𝑎17,𝑎𝑎18,𝑎𝑎20,𝑎𝑎21,𝑎𝑎22,𝑎𝑎23,𝑎𝑎25,𝑎𝑎27,𝑎𝑎29,𝑎𝑎30,𝑎𝑎31,𝑎𝑎32,𝑎𝑎34,𝑎𝑎35} 
       

 
Table 7. Results of BGWO Algorithm for MMD on generalized antiprism graphs 𝐴𝐴3𝑛𝑛 

Graph 𝒏𝒏 𝒎𝒎 popsize 𝑰𝑰𝑰𝑰 𝒅𝒅𝒅𝒅𝒅𝒅𝒆𝒆 mixed metric generator 
𝐴𝐴33 
𝐴𝐴34 
𝐴𝐴35 
𝐴𝐴36 
𝐴𝐴37 
𝐴𝐴38 
𝐴𝐴39  
𝐴𝐴310 
𝐴𝐴311 
𝐴𝐴312 

9 
12 
15 
18 
21 
24 
27 
30 
33 
36 

21 
30 
39 
48 
57 
66 
75 
84 
93 

102 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

1 
4 
1 
1 
7 
5 
4 
3 
8 

13 

6 
8 

10 
12 
14 
16 
18 
20 
22 
24 

{𝑎𝑎1,𝑎𝑎2,𝑎𝑎5,𝑎𝑎6, 𝑎𝑎7,𝑎𝑎9} 

{𝑎𝑎2,𝑎𝑎3,𝑎𝑎4, 𝑎𝑎6,𝑎𝑎7,𝑎𝑎8,𝑎𝑎11,𝑎𝑎12} 

{𝑎𝑎1,𝑎𝑎2, 𝑎𝑎5,𝑎𝑎6,𝑎𝑎7,𝑎𝑎9, 𝑎𝑎10,𝑎𝑎11,𝑎𝑎14,𝑎𝑎15} 

{𝑎𝑎2, 𝑎𝑎3,𝑎𝑎4,𝑎𝑎6,𝑎𝑎7, 𝑎𝑎8,𝑎𝑎11,𝑎𝑎12,𝑎𝑎13,𝑎𝑎15,𝑎𝑎16,𝑎𝑎17} 

{𝑎𝑎1,𝑎𝑎3,𝑎𝑎4,𝑎𝑎5,𝑎𝑎8,𝑎𝑎9,𝑎𝑎10,𝑎𝑎12,𝑎𝑎14,𝑎𝑎15,𝑎𝑎16,𝑎𝑎18,𝑎𝑎19,𝑎𝑎20} 

{𝑎𝑎2,𝑎𝑎3,𝑎𝑎4,𝑎𝑎6,𝑎𝑎7,𝑎𝑎8,𝑎𝑎10,𝑎𝑎12,𝑎𝑎14,𝑎𝑎15,𝑎𝑎16,𝑎𝑎17,𝑎𝑎20,𝑎𝑎21,𝑎𝑎22,𝑎𝑎24} 

{𝑎𝑎2,𝑎𝑎3,𝑎𝑎4,𝑎𝑎6, 𝑎𝑎7,𝑎𝑎8,𝑎𝑎11,𝑎𝑎12,𝑎𝑎14,𝑎𝑎15,𝑎𝑎16,𝑎𝑎18,𝑎𝑎19,𝑎𝑎20,𝑎𝑎23,𝑎𝑎24,𝑎𝑎25,𝑎𝑎27} 

{𝑎𝑎1,𝑎𝑎2, 𝑎𝑎5,𝑎𝑎6,𝑎𝑎7,𝑎𝑎9, 𝑎𝑎10,𝑎𝑎12,𝑎𝑎13,𝑎𝑎15,𝑎𝑎16,𝑎𝑎18,𝑎𝑎19,𝑎𝑎21,𝑎𝑎22,𝑎𝑎24,𝑎𝑎25,𝑎𝑎26,𝑎𝑎29,𝑎𝑎30} 
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